The equations of film lubrication are derived from the general equations of hydrodynamics assuming only that the motion is steady, and that it takes place between two surfaces, in relative motion, which are both close together and nearly parallel. Consideration of the relative magnitude of the various terms under typical conditions as measured in a bearing shows that they are of very unequal orders of magnitude, and that in particular the inertia terms in the momentum and the dilatation and conductivity terms in the energy equation can be neglected. It is shown that film lubrication is possible if, and only if, either the distance between the surfaces decreases in the direction of motion (the geometric wedge), or the density of the fluid decreases in the same direction (the thermal wedge). These types of film are approximately equal when compared on a basis of equal film thickness and equal decrease. With the geometric wedge a much greater decrease, and therefore load-carrying capacity, is possible, but the thermal wedge from its simpler mechanical construction should be able to equalize matters by running with a thinner film.
The equations of film lubrication are derived from the general equations of hydrodynamics assuming only that the motion is steady, and that it takes place between two surfaces, in relative motion, which are both close together and nearly parallel. Consideration of the relative magnitude of the various terms under typical conditions as measured in a bearing shows that they are of very unequal orders of magnitude, and that in particular the inertia terms in the momentum and the dilatation and conductivity terms in the energy equation can be neglected. It is shown that film lubrication is possible if, and only if, either the distance between the surfaces decreases in the direction of motion (the geometric wedge), or the density of the fluid decreases in the same direction (the thermal wedge). These types of film are approximately equal when compared on a basis of equal film thickness and equal decrease. With the geometric wedge a much greater decrease, and therefore load-carrying capacity, is possible, but the thermal wedge from its simpler mechanical construction should be able to equalize matters by running with a thinner film.
The equations are reduced to non-dimensional form and the equation of state discussed. For the general case the integration is probably a major computing operation and, in view of the uncertainties in the exact form of the equation of state, not worth while. For the infinite bearing, on the other hand, integration is comparatively simple and has been carried out in the Mathematics Division, N.P.L., for a series of representative cases. The results show that viscosity variation has a profound effect on the performance of the themial wedge, and that the additional wedging action provided by change of density is likely to be small unless the lubricating surfaces are close together. On the other hand, for surfaces close together and a small variation of viscosity the thermal wedge altogether outclasses the geometric.
I n t r o d u c t io n
The analytical treatment of film lubrication was originally worked out by Reynolds (1886), on the basis of fluid flow through converging passages, and it was for long accepted that such passages were essential for film lubrication. Recently, Fogg (1946) reported the successful use of thrust bearings with parallel faces, and sug gested as the explanation that the thermal expansion of the lubricant generated a thermal wedge. The analytical consequences of this have been partially investigated by Bower (1946) and Shaw (1947) . In any case, the temperature distribution in a bearing is of some interest for its own sake, and though Christopherson (1941) and Cameron & Wood (1946) have studied it, the latter in connexion with the 'thermal wedge', no systematic modern treatment of the lubrication equations seems to exist. Since there are at least two different methods of generating lubricating films, it is desirable to examine the hydrodynamical theory of film lubrication de novo, to see if any other methods are possible. This paper derives the equations in a systematic manner and with the minimum assumptions for a fluid all of whose physical properties are variable.
W. F. Cope N o t a t io n
So far as possible standard symbols have been selected, and fortunately it is possible, with a few exceptions, to use the corresponding capital letter when the equations are expressed in reduced non-dimensional form. The most im portant exception is viscosity, for which the standard symbol is bu t H cannot be used for the reduced form tjIt jl 5 so A has been selected on the ground th a t A viscosity in much of the literature of the subject. The suffix 0 refers to point of maximum pressure, suffix 1 refers to inlet conditions and suffix 2 to conditions a t the point of closest approach. In full the notation is:
x, y, z Cartesian co-ordinates referred to a rectangular system. u, v, w velocities in directions of x, y and z respectively. p pressure p density of the fluid expressed in any convenient self T tem perature l consistent system. The same unit is used for work and heat thereby avoiding the explicit appearance of J.
density tem perature viscosity therm al conductivity specific heat internal energy; assumed to be a function of T only and therefore given by E = CT with C constant. dissipation function; the rate (per unit of volume) a t which work is being done against viscosity and therefore the rate a t which mechanical energy is disappearing, therm al coefficient of cubical expansion, film thickness, velocity of moving surface. body force per unit volume in equations (16) and (2) only, dilatation. the ratio, inlet film thickness to 'effective film thickness' a t point of closest approach (defined by equation (11)).
The substitutions bringing the equations to reduced form are:
x/l, l is any representative length and is taken as the length of bearing in the ^-direction in the body of the paper.
Conductivity effects are usually negligible, b u t the form for the 'reduced con ductivity ' is ^l(Pi CUl). I t is given both for completeness, and because it is ide with the ' Reynold's therm al number ' of Bisacre & Bisacre (1947) . The reason for the identity is, simply, th a t in both cases the process is one of deforming a substance and generating heat by w hat may be termed a shearing action, so th a t the analysis is concerned with the ratio between the rate a t which this heat is conducted through the substance and the rate at which it is generated. I t would be very convenient in many ways to work with a reduced temperature proportional to TTv but it will be found th at this introduces difficul mode of expression of the law of viscosity variation with temperature, for instance Aoc T$ implies A oce^r ' J' >), and a consideration of the orders of magnitude of ft and T confirms what is otherwise known from physical measurements, th at to expand the exponential and retain only the first power of T -Tftfioc 1+ ft{T-Tx)} is unlikely to be sufficiently accurate.
Precisely the same set of equations result from the substitutions P = pJ( to k U m ), H = the remaining substitutions being as before.
The substitution is the logical extension of th at used by Christopherson (1941) , but it has the drawback of introducing a quantity which is not known a priori, and this is a disadvantage from the point of view of actual design. Moreover, there are two 'standard' lengths h2 and l involved which can be a sou The definitions of the several criteria are: The fundamental equations of hydrodynamics when all the physical properties of the fluid are variables can be compactly expressed in vector notation (Cope 1942) . But since, in the sequel, they are wanted in rectangular Cartesian co-ordinates, it is best to give them a t once in that form. In the steady state, when the flow is independent of time, they are: < • The continuity equation (la) expressing constancy of mass. The momentum equations (16) expressing Newton's second law, sometimes called the Navier-Stokes equations.
The energy equation1 (lc) expressing constancy of energy. 
Equation (16) expresses the rate of change of momentum in the direction of and there are, of course, two similar equations for the rates of change in the directions of y and of z respectively.
In equation (1 c) the first group of terms represents, for any element of the fluid, the rate of decrease of internal energy, the second the work done by the pressures in compressing the fluid (the dilatation term), the third the-rate a t which energy in the form of heat is being conducted away, and the fourth the rate a t which work is being done against viscosity (the dissipation function). I t should be particularly noted th a t the only assumption about the nature of the fluid made in deriving the equation is th a t
Ei s a function of T only. The analytical expression for <l> is
The essential assumption which leads to the hydrodynamical equations of film lubrication is th a t the flow is confined to a thin film. More precisely, it is assumed th a t the flow is confined between two surfaces th a t are (1) either parallel or b u t slightly inclined; (2) close together; and (3) in relative tangential motion, and the method employed is akin to th a t used in deriving the boundary-layer equations in fluid dynamics (see, for instance, Goldstein 1938, Ch. iv) . The arguments are essentially physical, though their conclusions are expressed in analytical form and am ount to saying that, because of the configuration envisaged, certain quantities cannot vary much in certain directions and th a t certain quantities are far more im portant than others. In the first place the assumption th a t the surfaces are close together implies th a t if the surfaces are curved their radius of curvature is very much greater th an their distance apart. In other words, the distinction between polar and rectangular co-ordinates can be neglected and the surfaces treated as planes, and in anticipation of this conclusion equations (1) and (2) were given in rectangular Cartesian form. In the applications which follow one plane is regarded as being a t rest, the origin is taken a t the beginning of the film, the axis of z perpendicular to it, the plane -0 as the moving plane and the axis of a; in the direction of motion.
Since the surfaces are close together, nearly parallel and in relative tangential motion it is reasonable to assume:
(1) T hat the variation of pressure, density, tem perature, viscosity and therm al conductivity across the film are far less im portant th an their variation along it. T hat is, it is assumed th a t p, p, T, y and k are functions of x and y only.
(2)
T hat the velocity gradients across the film are much more im portant than velocity gradients parallel to it. T hat is, it is assumed th a t
so th a t only the first named need be retained in groups of such terms.
T hat the fluid velocity perpendicular to the film is very small. T h at is, it is assumed th a t w = 0 I t is also assumed th a t the body forces, including the centrifugal force due to rotation, can be neglected; th at is,
and th at the specific heat is constant; th a t is,
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When the assumptions have been applied to equations (1) they become
The third momentum equation, to the same approximation, becomes so th at dp/dzis at most 0(duldz), whereas dp/dx and dp/dy are this verifies, a posteriori, the approximate constancy of p across the film. Equation (3d) therefore merely states that yi s a function of u and v; this is already implicit in equatio and no new restriction is imposed. If it ever becomes necessary to take the variation oip with z into account, then the integral of equation (3d) can be used (Christopherson 1941) to correct values of po btained on the assumption th at p of z.
The second and final step in the derivation process is to see if any further simplifica tion can be effected by considering the relative magnitudes of the various terms. This is done by taking from actual measurements for a typical set of conditions values of p, p, h, U, etc., calculating from them the orders of magnitude of the several terms in equations (3) and then neglecting any terms which are thereby shown to be unimportant. Table 1 gives, in the absolute c.g.s. system, what are thought to be typical figures for both gas and liquid lubricated bearings. Furthermore, since dufiz is of the same order as U/h, from table 1 it can be inferred th at dujdz for a gas is 108, d2u / d z2 is 1012 and so on. Proceeding in this way table 2 is compiled. This shows th at in equation (3 6) the inertia terms etc.) are about 10-4 of the viscous terms and can therefore be neglected. The Reynolds number is com paratively high, and it is interesting to speculate whether inertial effects lead to turbulence in the film before it becomes necessary to include the inertia terms in (36). Similarly, in (3 c) the dilatation terms are 10~3 of the dissipation terms even for a gas, and the Conductivity terms are the space derivates of quantities of the order 10~12 of the dissipation terms. So that, as very rapid changes of temperature gradient are unlikely, both these groups can be neglected. I t is implicit in assumptions (1) th a t heat transfer between the lubricant and the bearing surface is negligible. This implies both (a) th a t all the heat generated by friction is carried away by the lubricant and (6) th a t there is not therm al circulation by which heat leaves the lubricant a t points of high tem perature and is conducted back through the bearing to be reintroduced a t points of low tem perature.
As regards (a), it can be shown th a t the heat loss from the bearing to its sur roundings by natural convection is of the order of 10-1. So th a t for an appreciable quantity of heat to be abstracted in this way the area of the surfaces (pedestal, shaft, etc.) m ust be a billion (lO12) times the volume of the film. This seems very unlikely, and so the assumption th a t all the heat generated is carried away by the lubricant seems reasonable.
As regards (6), the conductivity of the bearing m aterial will be about a thousand times th a t of the lubricant. On the other hand m ost lubricants have small forced convection coefficients (the difficulty of designing a good oil cooler is well known) and therm al conductivity effects w ithin the body of the lubricant are negligible. So it seems likely th a t therm al circulation is only im portant (if a t all) in rath er exceptional circumstances and th a t even then its effects would be purely local.
Some of these conclusions are intuitively obvious, b u t the method employed has the great advantage of indicating not only w hat term s can be neglected, bu t also of giving the order of error th a t is made in neglecting them. Moreover, if a case th a t may be exceptional is encountered, it is only a few m inutes' work to amend tables 1 and 2 to suit the altered conditions and to establish the same or another system of approximation.
The equations now become 0 0 (P«*) + g-(pv) = 0, (a) dp dx d2u (&) dp dy "l dT 
The standard form of manipulation, including the application of the velocity boundary conditions
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eliminates u and v from these equations and they become (5) Equation (5 a) reads as if viscosity variation had been neglected in obtaining it from (4a) and (46). The justification of this is th at the integrals of (4a) and (46), with viscosity variation in the z direction taken into account, are
and a similar equation in v. Assumptions (1) can be used to justify neglecting difjjdz, so the last term is dropped and the equation reduces to its familiar form. The assumptions which have led to equations (5) have been made on physical grounds. B ut an examination of the analytical consequences of a less restrictive set suggests th at they are the most general th at will still permit the application of the velocity boundary conditions to obtain equations (5) from equations (4); except only th at provision could be made, through (3d), for variation of pressure through the film. Apart from this possible enlargement of the conditions, if a less restrictive set of assumptions were ever needed, it would be necessary to solve equations (4) as they stand. This would certainly prove both longer and more difficult, because not only would there be three equations in the set instead of two, but all three would be rendered more complicated because of the inclusion of hitherto neglected terms.
Equations (5) can be further simplified and made much more convenient for numerical work by reducing them to non-dimensional form. In terms of the nondimensional or reduced variables they are
Equation of state In equations (7), A is a known function of P and 0 , and H a known function of X and Y. So one more equation is needed as there are three unknowns (P, R and 0), and this is provided by the relation between P, R and 0 called the equation of state. For lubrication with a gas film the simplest assumption, that the gas obeys the perfect gas law, will be adequate, and since P and 0 are the quantities of practical import ance the procedure might be to eliminate R from (7a) and (76) by the substitution J. Chem. Phys. 1937 onwards) , but a perusal of the extensive literature of the subject leaves the impression th a t it can be derived with any confidence only with simple liquids which excludes lubricating oils. Moreover, even for simple liquids the equations proposed are modified van der Waals type of considerable algebraic complication, so th a t their introduction into equations (7) would increase the complications to such an extent th a t the solution would probably be a major computing operation. A t present no guarantee could be given th a t the equation of state was above criticism as an analytical representation of the pro perties of the liquid, so it appears unjustifiable to embark on this work. I f it be sufficiently accurate to ignore the variation of R, A, etc., with tem perature, or if their variation with tem perature can be replaced by a variation, known a priori, with X and Y, then (7 a) becomes an equation for P only. And the solution obtained can be inserted into (76) which then becomes an equation for 0 only, bu t in practice this last step can be omitted when no interest attaches to the tem perature difference as such. This situation, which also arises in other branches of applied mechanics, enables the equations to be solved successively instead of simultaneously, bu t only in the order (7 a) to (7 6). Although, fortunately, this is the order of practical im port ance, solution in the reverse order is always impossible, and as soon as it becomes necessary to take variation with tem perature into account the equations become interlocked and m ust be solved simultaneously.
W. F. Cope

Comparison with previous equations
W ith
i oc onstant (5a) reduces to the classical Reynolds (1886) form, and with p variable and h constant it reduces to the form used by Cameron & Wood (1946) .
The energy equation (56) is new and does not agree with the equation used by Christopherson (1941) and Cameron & Wood (1946) 
and differs in the last term of the right-hand side. An examination of the orders of the terms inside the square bracket shows th a t in (8) they are (for a liquid) 108 and 103 and in (56) 108 and 105 respectively. The is thus the dominant term, b u t equation (8) considerably underestimates the effect of pressure gradient. Results from (5a) and (8) in combination would be expected to be quite reliable as long as the pressure gradient was not too great but to diverge more and more as the latter increased. This point has been verified (in Mathematics Division, N.P.L.) by in tegrating (5a) and (56) for the two extreme conditions assumed by Cameron & Wood (1946) and comparing the results with the integration of (5a) and (8). The two solutions are, for practical purposes, identical a t the lightly loaded extreme but appreciably different a t the other, with indications th a t the divergence was beginning to inorease rapidly. In any case it is obvious th a t since du/dz involves dp/dx, the energy equation must contain terms in (dp fi
M e c h a n is m o f f il m f o r m a t io n
The understanding of the mechanism of film formation is made much easier by neglecting all variation with Y, th at is, by considering an infinite bearing, and for clarity the argument, though perfectly general, will be worded so as to apply directly to thrust bearings provided the speed is such th at Centrifugal forces are unimportant. This particular case has been selected because the question of geometrical divergence of the film does not arise, and so the boundary conditions can be stated in a form which facilitates solution.
In these circumstances equations (7) become
« ( ' -f S ) S -S ( -S '( S ) ' ) --<*)(
(9 a) can be integrated once and the equations then become
where R0H0 is the constant of integration. Now for successful film lubrication the pressure must rise to a maximum and fall again, th at is, dPjdX must vanish; therefore equation (10a) has been written in a form which emphasizes that R0 and H0 are the values of R and of H where dPjdX vanishes. The equation shows that evanescence of dP/dX cannot be achieved by variation of A alone, since viscosity is in practice a monotonic function, but th at it can be achieved by suitable decrease of R, of H or of their product. Qualitatively the effect is the same for variation of R or of H, but quantitatively it will be different, since ljH2 occurs outside the bracket; a decrease of H will produce a greater total change in dP/dX, so varying H is likely to be more effective than varying R. If R and H both vary in such a way that RH is always > R0H0 then again film lubrication is impossible. Now the pressure in a bearing increases manyfold, but the temperature only a fewfold, so that: For a gas R (ocP/@) will increase. So it seems unlikely that it will be possibl run parallel face bearings with gas as a lubricant, and it will be noticed that it seems likely that the variation of H will have to be considerable to counterbalance the increase in R.
For a liquid the increase of R with P is usually small compared with its decrease with 0 , and the overall variation of R may prove sufficient in some cases for successful film lubrication of parallel face bearings.
Finally, since for all real fluids R and P increase or decrease together, increase of pressure tends to inhibit the formation of a film. I t seems then that the only suitable
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variation of B is the decrease with temperature, and therefore, th a t the descri of the mechanism of film lubrication of parallel face bearings as due to a ' thermal wedge' is fully justified. The other type, with H varying, might well be called the 'geometric wedge'.
S o l u t i o n s o f t h e e q u a t i o n s W. F. Cope
Equations (7) are complicated, and obtaining solutions even with the aid of modern computing techniques is likely to be a lengthy process. In addition, an equation of state of some kind is needed, and this a t the moment can only be given with confidence for gases. Probably therefore the trouble of obtaining solutions is not worth while except where numerical results are urgently needed for a special application for which an ad hoc equation of state is known to be satisfactory.
On the other hand, equations (10) (repeated below for convenience)
with boundary conditions where Hx, H 2, A and /? are known a priori, are comparatively easy to sol reason is th a t (106), with B0H0 supposed known, can be integrated immediately to give the dependence of 0 on X .From this relationship the dependenc on 0 can be replaced by a dependence on X so th a t (10a) becomes integrable; if the supposed value of B0H0 is correct then P will vanish for = 1; if it does not, then another value of B0H0 is taken and the process repeated as often as is necessary to make P vanish for X -1 to the required order of accuracy. In use the thi tion is almost always sufficiently accurate, and with practice the proper value of BqHq can be guessed second or sometimes even first time.
Solutions obtained in this way from equations (10) cannot of course pretend to represent all th a t goes on in an actual bearing. Besides any approximation involved in the assumptions which lead to equations (7), side leakage has been neglected, the simplest possible equation of state is used, and the law of viscosity variation selected is a compromise between the viscosity variation th a t is actually obtained and the necessity of having a law of variation th a t is analytically simple. Never theless, it seems th a t information of real value as indicating trends could be obtained or inferred from a set of solutions with Hx, H2, A and J3 selected to cover the range of variation actually encountered in practice.
The solutions of (10a) for A and B constant and H a linear function of X are classical (Lamb 1924) . Harrison (1912) has studied it for the case A constant and Roc P in analyzing Kingsbury's (1897) and Shaw (1947) for R a linear function of X. I t seems worth while, therefore, to obtain or quote in algebraic form the solutions for the two simplest cases, namely, H a linear function of X (the pure geometric wedge), and R a linear function of 0 (the pure thermal wedge). The work is given below in parallel columns, and because of its complication the solution of the energy equation is not given. This solution does, however, show that, for constant viscosity and light loads at any rate, 0 is approximately a linear function of X. This means th at the analysis can be consider ably simplified by replacing the linear dependence of on 0 by a linear dependence of R on X; accordingly the formulae for the thermal wedge in the table below have Table 3 thermal wedge
H x> P = 0, 0 = &i X = 0 ,R = 1 ,P H%9 jP = 0, © = 0 2 X -1, R l/* 2 = jR2* P : Both Bower (1946) and Shaw (1947) introduced this proportionality as an a priori assumption.
The integration of equations (10) with their boundary conditions and laws of variation given on p. 210 has been carried out in Mathematics Division, N.P.L.; the results are given in table 3 and plotted as figures 1 to 5. The overall accuracy of the results is about 1 %, which is ample in relation to the assumptions on which the analysis is based. Typical values have been taken for U, l, etc., and the only points needing comment are the values selected for A, ft, and the proper definition of K when both geometric and thermal efiFects are present. Two values of A have been used; zero corresponding to no change of density with temperature, and a value corresponding to a coefficient of cubical expansion of 10-3 which seems to be typical of many fluids. The three values of ft are zero for constant viscosity, and -1£ and -3 which are the sort of law of variation of the ' light ' and ' heavy ' lubricating oils respectively; roughly speaking they imply th a t the viscosity a t 100° C is 1/10 and 1/100 of its value a t 20° C. 
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The definition of K also requires clarification when both geometric and therm al wedges are present. The preceding discussion shows th a t 1 plays the same p art for the thermal wedge as HX IH2 does for the geometric. The simplest procedure is , , if +i +• inlet film thickness le ra 10 {eg-ec^jve thickness ' a t point of closest approach ' 
C o m p a r is o n o f g e o m e t r ic a n d t h e r m a l w e d g e s
Even a cursory inspection of any of the first three figures will reveal the profound effect th a t change of viscosity has on the performance of the therm al wedge. For instance (figure 1), AL is almost constant, with a value of about 1/400, for the lubricant with the more rapid rate of viscosity variation. I t is, of course, obvious th a t an effect of this kind must occur, since a rise in tem perature implies a decrease is viscous dissipation, this in turn implies th a t the total tem perature difference is less than it would have been with a smaller change in viscosity, and therefore the density change, which produces the therm al wedge, is less; bu t its magnitude came as rather a suprise.
I t would, however, be wrong to infer th a t this low value of AL means th a t load carrying capacity of a given thermal wedge bearing with a given lubricant is neces sarily less than th a t of a geometric wedge of the same size. The mechanism of altering K is quite different; broadly speaking, the therm al wedge increases K by decreasing H2, whereas the geometric wedge tilts its pads and remains relatively constant. I t follows th a t the load-carrying capacity of the former will be roughly inversely proportional to H\, of the latter roughly independent of H2. The relative load-carrying capacity is therefore more nearly exhibited by figure 4, since is a direct measure of this quantity for a fixed size of bearing. This figure shows th a t even with a large variation of viscosity the two types of wedge are about equal on a load-carrying basis, and th a t with a small change of viscosity the therm al wedge completely outclasses the geometric.
The question of whether in actual practice the close approach envisaged can actually be achieved is rather outside the scope of this paper. The absence of tilting arrangements implies a more robust and mechanically simpler construction, which lends itself better to the production of plane surfaces. On the other hand, the distances envisaged (about 10-3 cm.) are such th a t really efficient filtration is needed.
The first three figures also show th a t the performance of a geometric wedge a t medium and large values of K is not appreciably improved by the addition of the therm al effect. This, of course, explains why the existence of the therm al wedge has gone unsuspected for so long, since the calculations show clearly th a t it is only under conditions of really close approach th a t the density variation can contribute substantially to K.
The difference in pressure and tem perature distribution between the two types of wedge under heavy load is delineated in figure 5 both for constant viscosity (curves A A and CC) and for a large variation of viscosity (curves B B and DD). The pressure curves show both th a t the point of maximum pressure is farther for ward, and th a t its movement forward is greater for the thermal wedge. The tem perature curves give an idea of the acccuracy of the assumption, made in several approximate treatm ents, th a t 0 is a linear function of X. I t is seen th a t the assump tion is only accurate for the thermal wedge if the viscosity be constant. As the load decreases it becomes more nearly true for both types of bearing.
Successful film lubrication requires a 'wedging action' of some kind. This can be achieved in two ways: (1) geometrically, by decreasing the width of the film in the direction of motion, and/or (2) thermally, by decreasing the density of the fluid in the direction of motion. The first (the geometric wedge) is more important than the second in many applications, but the second (the thermal wedge) is of value and may even be important if certain conditions are fulfilled. The conditions are (1) small variation of viscosity with temperature, which is desirable on other grounds; (2) large coefficient of cubical expansion for the lubricant; and (3) small film thickness, which implies good workmanship.
If these conditions can be simultaneously fulfilled then the thermal wedge may altogether outclass the geometric.
The work described above has been carried out as part of the research programme of the National Physical Laboratory, and this paper is published by permission of the Director of the Laboratory.
